In this note we propose a definition of inner derivation for nonassociative algebras. This definition coincides with the usual one for Lie algebras, and for associative algebras with no absolute right (left) divisor of zero. It is well known that all derivations of semi-simple associative or Lie algebras over a field of characteristic zero are inner.
In this note we propose a definition of inner derivation for nonassociative algebras. This definition coincides with the usual one for Lie algebras, and for associative algebras with no absolute right (left) divisor of zero. It is well known that all derivations of semi-simple associative or Lie algebras over a field of characteristic zero are inner.
Recent correspondence with N. Jacobson has revealed that a number of the ideas in this note duplicate some of his current researches. 1 In particular, he has shown that every derivation of a semisimple non-associative algebra (that is, direct sum of simple algebras) with a unity quantity over a field of characteristic zero is inner in this sense.
Preliminaries. A derivation of a non-associative algebra 21 over a field % is a linear transformation D on 2Ï satisfying (1) (xy)D = x(yD) + (xD)y
for all x, y in 21. It is known [2] 2 that the set 3) of all derivations of 21 is a Lie algebra over g if multiplication in 2) is defined by (2) [ 
Also the simple components of a semi-simple algebra are characteristic, for St< = 3tt implies that x in St» may be written in the form
The center «3 of a simple non-associative algebra St is either {0} or a field. If St contains a unity element 1, then 3^ {o}, and St may be regarded as an algebra over «3-As such, it is central simple (that is, simple for all scalar extensions). 3 Throughout this note we use the notation 53+S for the sum of the linear sets S3, S ; we do not mean necessarily that 93P\(S = {0}.
Then the set 8 = 9)îi+ • • • +5D?»+ • • -is the smallest Lie algebra containing 2)î. For, when we prove
we have proved that S is a Lie algebra. By virtue of (8) The role of 8 is analogous to that of the enveloping algebra of 3D?, which is the smallest associative algebra containing 93Î. Clearly 8 is contained in the enveloping algebra of SDÎ.
Let 2tt be the set i?(2l)+£(2l) spanned by the right and left multiplications of 51. Then we call 8 the Lie transformation algebra of SI. 8 is contained in the so-called transformation algebra 7"(2l), the enveloping algebra of the right and left multiplications and the identity I.
DEFINITION. We call a derivation D of a non-associative algebra 21 inner in case D is in the Lie transformation algebra 8 of 21.
We recall that an algebra 2Ï is associative in case
It is easy to see that (13) is equivalent to any one of
then D is a derivation of 21 by (3) and (14) where y T^O in g and q = t(q)l -q for q in O with q z -t(q)q+n(q)l = 0. In an alternative algebra 21 the "associator" [xi, x 2 , x z ] = (xix 2 )x z -Xi(x 2 x z ) "alternates"; that is, [xi 9 x 2 , x z ] = e [xi v ] for any permutation i\, i 2l i% of 1, 2, 3, where € is 1 in case the permutation is even, -1 in case it is odd. Equivalently, Now (26) implies that
where by [x, z] we mean xz -zx in 21. Also
is a derivation of 21 for any x, z in 21, for it is easy to see from (26) that (27) and (28) it is easy to write several variants of (29) ; indeed, if the characteristic of % is not two, we obtain the symmetrical expression
is also a derivation of 2Ï for #»•, Zi in 21. Since 21 is the direct sum of simple components which are either associative or Cayley-Dickson algebras over their centers, and since it is well known that derivations of the associative components are inner, this theorem is reduced by Theorem 4 to the case where 21 is a Cayley-Dickson algebra (£ over its center 3-But, since the characteristic is zero, the derivations of 2Ï map the field S upon {o}; moreover, if 35 is the derivation algebra of 6, then 35# is the derivation algebra of 21. Then by Theorem 6 all derivations of 21 are inner. 
